arXiv:hep-th/0512130v3 24 May 2006 


The Bekenstein-Hawking Entropy of 
Higher-Dimensional Rotating Black Holes 

Zheng Ze Ma 0 


Department of Physics, Southeast University, Nanjing, 210096, P. R. China 


Abstract 


A black hole can be regarded as a thermodynamic system described by a grand 
canonical ensemble. In this paper, we stndy the Bekenstein-Hawking entropy of higher¬ 
dimensional rotating black holes using the Euclidean path-integral method of Gibbons 
and Hawking. We give a general proof demonstrating that ignoring quantum corrections, 
the Bekenstein-Hawking entropy is equal to one-fourth of its horizon area for general 
higher-dimensional rotating black holes. 


1 Introduction 

The Bekenstein-Hawking entropy of a black hole, not considering quantum corrections, is 
equal to one-fourth of its horizon area.^^’^^ This conclusion can be obtained using many differ¬ 
ent approaches. A classical approach to derive the entropy of a black hole was formulated by 
Gibbons and Hawking in terms of the Euclidean path-integral and grand canonical ensemble 
methods.In this paper, we study the entropy of higher-dimensional rotating black holes 
following the method of Gibbons and Hawking. To make this work self-contained, we hrst 
review the method of Gibbons and Hawking for determining the entropy of a black hole.^^’^^ 
A black hole can be regarded as a thermodynamic system described by a grand canonical 
ensemble, because it possesses an explicit temperature and is in a state of thermal equilibrium 
with respect to radiation. It exchanges particles and energy with the surrounding spacetime. 
We can write down its grand partition function Z, thermodynamic potential W and entropy 
A: 

Z = exp[-IT] = Trexp[-{(3H - lUiCi)] , (1) 

W = E-TS-giiCi, (2) 

S = (3{E-gi,Cj)+\nZ . (3) 
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Here ^ is the temperature and /ij represents the chemical potentials. The partition function 
(1) can also be written in the Euclidean path integral form. This is given by 

^ = / D[g,(t)\ exp(-/B[^, 0]) , (4) 

where 0 represents matter helds, including the electromagnetic helds of charged black holes. 
A Wick rotation has been performed in order to realize the Euclidean form in (4). We can 
compute Z perturbatively, and to hrst order, we obtain 

Z = exp[-/~] , (5) 

where 

= 0- / [(« - 2A) + + 0 / [A'l (6) 

lOTT Jm OTT JdM 

is the on-shell Euclidean action, and [K] = K — Kq is the difference between the extrinsic 
curvature of the spacetime manifold and that of a reference background spacetime. The upper 
index cx) of (6) means that the boundary of the spacetime manifold lies only at r = cx), i.e., 
in (6) dM lies only at r = cx. The reason for this is that we are considering the black 
hole as a thermal equilibrium system. Thus it is reasonable that we take the metric of the 
spacetime manifold in the form of the largest extension, as in the case of the Kruskal metric of 
a Schwarzschild black hole, because the singularity on the horizon is only apparent and can be 
moved away.®^’®^ Also is expected to be invariant under a general coordinate transformation. 
The above arguements also hold for the metric of a higher-dimensional rotating black hole. 
For the metric of a higher-dimensional rotating black hole, the above consideration is also 
tenable. 

Next, we must treat the term — HiCi) in (3). For this purpose, we consider the 
quantum transition amplitude between two space-like hyperspaces in a black hole’s spacetime 
manifold in the Euclidean time formalism. This is given by 

{ti\t2) = . (7) 

Under the condition that the fluctuations of energy are relatively small, i.e., ^ 1, 

we can expand (7) while ignoring the fluctuations. This yields 

= ( 8 ) 

For example, for a Schwarzschild black hole, we have (E)^ = M^, (E)^ — (E^) = and 
have the above condition is satisfied if M 3> Mp. As pointed out by Kallosh et al.,^) (8) can 
be generalized to the case in which there exist multiple conserved charges Ci. To introduce 
Lagrange multipliers /i* and to consider constrained imaginary time evolution so that only 
metrics with designated charges are considered in the path integral, we obtain 

(nlra) = . (9) 

On the other hand, the quantum transition amplitude {ti\t 2 ) can be obtained using the 
Feynman path integral formulation as 

(u|T-2) = y . (10) 
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To first-order, this gives 


(tiIts) = e , (11) 

where again is given by (6). Here the subscript h on the Euclidean action means that the 
black hole’s horizon is considered as another spacetime boundary. We include this boundary 
because we study the quantum transition amplitude in the black hole’s spacetime manifold. 
No physical information can escape from the horizon of a black hole. Therefore we need to take 
the horizon as another spacetime boundary. Thus the black hole’s horizon also contributes 
to the Euclidean action integral of (6) in (11). Comparing (9) and (11), and hxing 


r2-ri = p , ( 12 ) 

we obtain 

I3(E - ^.Q) = . 

This relation results from the fact that P is the period of the imaginary 
hole’s spacetime. Inserting (5), (6) and (13) into (3), we obtain 

Thus we arrive at the conclusion of Gibbons and Hawking: A black hole’s entropy, not consid¬ 
ering quantum corrections, is determined by the gravitational surface term. This conclusion 
is valid for spherically symmetric black holes, as well as for charged and rotating black holes. 
The differences among the entropies of different types of black holes result only from their 
different conserved charges Cj, because the matter helds parts are canceled in the above 
derivation. 


(13) 

time for the black 


2 The Bekenstein-Hawking entropy of higher-dimensional 
rotating black holes 

Using certain surface terms of the gravitational action, one can derive the relation S = |A 
for a black hole’s entropy. The derivation of this relation is given in Refs. 3), 7) and 8) for 
certain spherically symmetric black holes. We seek to derive the relation S = \A for higher¬ 
dimensional rotating black holes in this paper. Eor this purpose, we need to derive the explicit 
form of the gravitational surface term K. 

There are many dehnitions of the gravitational surface term in the literature (e.g., see 
Refs. 3), 4) and 7)-10)). Usually, the surface term K can be dehned as the trace of the second 
fundamental form on the horizon. However, different forms of the gravitational surface terms 
are equivalent for the purpose of determining a black hole’s entropy according to the formula 
(14). This is because the gravitational surface terms are total derivatives decomposed from 
the Einstein gravitational action. For different choices of the surface term, their differences 
are also total derivatives. Clearly, the held equations are not changed when a total derivative 
is added to the gravitational action. Therefore, the metric of a black hole is not changed 
when a total derivative is added to the gravitational action. Hence, different choices of the 
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surface term yield identical forms of the black hole entropy formula (14). We hnd that the 
surface term of Landau and Lifshitz^^^ is most convenient for deriving the relation S = jA 
for higher-dimensional rotating black holes, as in the case of spherically symmetric black 
holes. 

According to Landau and Lifshitz,^'^) the gravitational action can be decomposed in two 
parts 

= ^/-^G + —gu^) , (15) 

where the hrst term contains no second derivatives. Omitting the total derivative d^{^/—gdiyg^^) 
in the action, is obtained as 


00 


_ 


2 

7^ 


d^\ 

dx'' J 




dgUt, 

dx'^ 


( 16 ) 


Therefore, the surface term is given by 

K = , (17) 

where is the space-like ontward-pointing nnit normal vector on the horizon. Usually, in 
the case of a charged black hole, there also exist certain surface terms that are related to the 
matter helds^^^’^^^ as 

^ f X^gD-lU , (18) 

47r J h 

where D is the dimension of the spacetime manifold. However, in the derivation of (14), 
the contribntions from the matter helds are canceled. Therefore we need not to consider the 
surface terms that related to different matter helds in the entropy formula (14). However, 
these terms may have an effect in the analysis of qnantnm corrections to the black hole’s 
entropy. 

Now we rewrite (14) in the explicit form 

^ = ~^Jh d^~^x^gD-i{K - Ko) , (19) 

where D is the dimension of the spacetime manifold, gn-i is the determinant of the metric 
on the horizon, and Kq comes from the background Minkowski spacetime in which the black 
hole is embedded. The general solution for a higher-dimensional rotating black hole has been 
obtained by Myers and Perry, Here we adopt the parameterized form derived by Cvetic 
and Youm^"^^ for the purpose of deriving the relation S = \A. With this form, the metric for 
a higher-dimensional rotating black hole is given by 


ds^ = grrdr"^ + grrdr'^ + geed9^ + + 2g0^.d9d'ipi -f ^ 2g^.^^diJid'ipj 

i<j 

Fg(p^(f}^d(f)j^ -|- ^^2gffnfj)jd(j)id(pj 2g-j-(p^dTd(f)i . (20) 

i<j 


Here we have written the metric in Euclidean form, because formula (14) is derived for the 
Euclidean form of the black hole metric. The Euclidean form of the metric can be obtained 
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from the corresponding Lorentzian metric by rotating the time axis and the parametersd^^’^^^ 
In (20), i and j on 0 run from 1 to For the even-dimensional case, i and j on ip run 

from 1 to For the odd-dimensional case, i and j on tjj run from 1 to Obviously, 

the black hole rotates in each of the pi directions, and there are [-^^j angular momentum 
components. The area of the horizon is given by the integral 


A 


dO J([ dpi \{dpj 


det gab 


r=ru 


( 21 ) 


Here we use to denote the radius of the horizon. Also, we use Qah to denote the metrics of 
the dpi, dOdpi, dpidpj, dpj and dpidpj terms of the metric given in (20). We regard the 
horizon to be the outer horizon of a rotating black hole. In addition, we consider non-extremal 
black holes in this paper. The entropy of an extremal black hole is zero, according to Refs. 
8), 17) and 18). This can also be seen from (19). Because the radius of the horizon lies at 
the space-like inhnity for an extremal black hole, we obtain K — Kq = 0 in (19). 

We denote the angular velocity of the horizon corresponding to the coordinate pi as flj. 
In order to simplify the derivation, we carry out the coordinate transformation 


= Pi — VtiT 


( 22 ) 


which means that the observer is co-rotates with the outer horizon. The metric (20) now 
becomes 


ds G^-j-dT g^'rd'T g^odO -I- g^ij^^^^dp^^ ~\- ^g^^^dOdpi -1- ^ ) ^g^^^ijj^dpidpj 


i<j 


+94.,4„d4>', ^ + + ‘29r.f'4Tdit>{ , 


(23) 


Kj 


where 

Grr Qtt 

i<j 

9t<p[ — ^j9(i>i(i>j T 9T4ii ■ (24) 

In the reference system co-rotating with the horizon, the metric on the horizon is static. 
Therefore, grtpr is zero on the horizon, and the angular velocities at the horizon satisfy 

9r<p'.\r=rh = 0 , (25) 

under the condition detg^^^. p 0. Then according to (A ■ 5), we have 


f^rT|r=r/i 0 • 


(26) 


The metrics grr, gee, ge^^i, g 4 >i 4 >i and are unchanged under the coordinate 

transformation (22). For the metric (20), the quantity g'’'' = 1/grr is also unchanged. The 
horizons of the metrics (20) and (23) are determined by the relation g^^ = 0. Therefore, the 
coordinate transformation (22) does not change the location of the horizon. 

Because grtj,'. is zero on the horizon, the determinant of the metric (23) on the horizon is 

9d—i GfT det gab , (27) 
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where gab denotes the metrics of the dO"^, dijjf, dOd'ipi, dipid'ipj^ ^ and terms in the 

metric (23). From (19), the entropy of the metric (23) is given by 

>5 = dr J delld'ipiYldcpj , (28) 

where j3 = 2 ti/k is the inverse Hawking temperature, and k is the surface gravity. For the 
rotating black hole metrics (20) and (23), an expression for k is given in Appendix A. We 
can see that for the metric (20), (19) is invariant with respect to the rotating coordinate 
transformation (22). 0 Therefore the entropy calculated with the metric (23) is equal to that 
calculated with the metric (20). Hence we conclude that the entropy of a rotating black hole 
is unchanged under the rotating coordinate transformation (22) of its metric. 

The space-like outward-pointing normal vector on the horizon can be written (0, 0,..., 0). 

Hence, in (28), for o;^, we only need to obtain We use 0, 1, ..., H — 1 to represent r, r, ..., 

(fyj. For the metric (23), the only non-zero component of is g^^. Thus, from (16) we have 


UJ 


1 


A fM] - A 

^/g \ dr J dr 


The determinant of the metric (23) is given by 


9 Grrgrr d-Gt gab 


(29) 


(30) 


where (...)j represents terms that we need not consider explicitly here. The reason that these 
need not be included here is that in (29), the partial derivative of y/g is with respect to r. In 
(30), g has two parts. We can expand y/g as 


y^g Y G-frgrr det gab 


1 

2 GrrQrr det gab 


+ .. 


(31) 


The second part of (30) contributes zero near the horizon, because the metrics are squares 
and the metrics are zero on the horizon, while we evaluate (28) on the horizon, we consider 
only the contribution from the horizon in (28). Therefore, in the following, for convenience, 
we only consider the hrst term in (30). This means that we consider the limit r —>■ r/j in the 
integral of (28). 

Dropping the second term in (30), we obtain 




2 cHn ^/Grr det gab 2{D — 2) 


(32) 


y/^ dr r 

where the second term comes from the background flat spacetime. Thus from (28), we obtain 

2 d\ny/gE^ 2{D-2)' 


>5 = -^/ dOXld'diXldct)'^^ 


\/9d-i 


■\J Qrr 9 t 


(33) 


r=rh 


^This is because dP ^Xy/go-i is invariant for the metric (20) under the rotating coordinate transformation 
(22). This can be seen to compare the metric (23) with the metric (20). And K — Kq is a scalar in (19). 
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where Qd-i is given by (27). The flat spacetime background term in (33) contributes zero, 
because Grr = 0 on the horizon. The first term inside the integral in (33) is a limit of 0 ■ cx). 
Because k is a constant on the horizon,we can move it inside the integral. Then, using the 
expression for k given in (A ■ 7), we obtain 


S 


1 

4 


dO J([ dtfji d(j)'j 


1 TT det Qab 

■yj Qrr 





r=rh 


(34) 


Because \fG^ is zero on the horizon and 1 /k is finite, we Anally obtain 


A = 


1 

4 


dd J([ dipi Y[d(j)'jU det 9ab 


r=rh 


(35) 


As stated above, Qab denotes the metrics of the dO'^, d^ipf, dOdif^i, difjidiljj, d(f)[ ^ and dcfy'^dcfy'^ 
terms in the metric (23). Hence it is seen that the above integral is just the area of the 
horizon with the metric (23). Then note that gab here is the same as that in the metric (20), 
despite the coordinate transformation (22), i.e., the metrics (20) and (23) do not depend on 
and 0'. Then the above area of the horizon with the metric (23) is equal to that with the 
metric (20), which is given by (21). This means that the area of the horizon of a rotating 
black hole does not change under the rotating coordinate transformation (22). Thus, the 
Bekenstein-Hawking entropy of a rotating black hole with the metric (20) is given by 


S = 


1 

4 


d9 J([ d'lpi J([ d(l)j 


det Qab 


r=rh 


(36) 


which is equal to one-fourth of the area of its horizon according to (21). This completes the 
proof of the relation S = jA for higher-dimensional rotating black holes. 


3 Conclusion 

In this paper, we have studied the Bekenstein-Hawking entropy of higher-dimensional 
rotating black holes using the Euclidean path-integral method of Gibbons and Hawking. 
A black hole can be regarded as a thermodynamic system described by a grand canonical 
ensemble. With the Euclidean path-integral, grand canonical ensemble approach,Gibbons 
and Hawking found that the entropy of a black hole, not considering quantum corrections, is 
determined by the gravitational surface term. Using the gravitational surface term of Landau 
and Lifshitz,^*^) we gave a general proof demonstrating that the Bekenstein-Hawking entropy, 
not considering quantum corrections, is equal to one-fourth of the area of its horizon for 
general higher-dimensional rotating black holes. The explicit form of the area of the horizon 
for higher-dimensional rotating black holes in terms of the metrics of Myers and Perry^^^ was 
recently calculated by Jung et al.^°) 
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Appendix A 

Surface Gravity for Higher-Dimensional Rotating Black Holes 


For the metric (20), there exists the Killing held 




d 


+ ^ Gi 


A 

d(pi ’ 


(A-1) 


where the quantities hlj are the angular velocities of the horizon corresponding to the coordi¬ 
nates Because is normal to the horizon, we have 


= 0 


on the horizon. For the metric (20), we obtain 

9tt -j- y ) 2gip.fpDiflj . 

i<j 


(A-2) 


(A-3) 


Next, we dehne 

Gtt 9tt R ^ ) 2g^.fj,^kliklj 2g.j-fj)Di . (A ■ 4) 

i<j 

Therefore, we have 

=0. (A-5) 

The surface gravity K{rh) is constant on the horizon.^®) Writing = —A^, the surface 
gravity can be determined from the equation^^^ 


V^(A2)V^(A2) = . 


Thus, for the metric (20), we obtain 


K(r/i) 


dr^/ Grr 

lim - 

^J'grr 


(A-6) 


(A-7) 


The partial derivative here is taken before the limit, because Grr is zero on the horizon. From 
(A ■ 6), we see that k is a scalar. Hence, the surface gravity of a rotating black hole is invariant 
under general coordinate transformations. 
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